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We derive a Bjorken sum rule for semileptonic Ωb decays to ground and low-lying
negative-parity excited charmed baryon states, in the heavy quark limit. We discuss
the restriction from this sum rule on form factors and compare it with some models.
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In the heavy quark limit, mb,c >> ΛQCD, a new SU(2N) (N =number of heavy flavors)
spin-flavor symmetry appears in QCD [1]. Consequently, all the form factors involved in
B → (D,D∗)eν¯e, can be expressed by only one universal form factor, the Isgur-Wise function,
which is normalized at the maximum momentum transfer, q2m [1]. This is also true for
Λb → Λclν¯l [1]. For Ωb → (Ωc,Ω∗c)eν¯e, the situation is a little more complicated. In the
heavy quark limit there are two independent form factors [2,3], since the light components
(light quarks and gluons) in the baryons have spin 1. One of these two form factors is
normalized at q2m. It is known that in the heavy quark limit,
the Lorentz structure of the amplitude for Σb → (Σc,Σ∗c)eν¯e are exactly the same as
those for Ωb → (Ωc,Ω∗c)eν¯e [2].
In the heavy quark limit, one can also derive the so-called Bjorken sum rule for semilep-
tonic decays of bottom hadrons to charmed states [4,5]. Such a sum rule has already been
given for B and Λb semileptonic decays [4,5]. Taking B-meson semileptonic decays as an
example, the sum rule follows from the consideration of the quantity [5]
hXcΓ (w)=
∑
s,s′
〈B(v, s)|b¯Γc|Xc(v′, s′)〉〈Xc(v′, s′)|c¯Γb|B(v, s)〉
(1)
where s and s′ indicate the spin indices, w is the velocity product (w = v · v′) and is
limited to be of order unity. If one sums over the final charmed hadronic states Xc with
masses from mD to mD + µ, then if µ >> ΛQCD, this inclusive quantity can be computed
in the perturbative QCD as a heavy quark transition. On the other hand, if µ << mD,
the quantity hXΓ (w) can be calculated for exclusive decays using the heavy quark effective
theory [1]. Thus [5]
|Cji(µ)|2
2
Tr{( 6v′ + 1)Γ¯( 6v + 1)Γ} = ∑
mXc−mD<µ
hXcΓ (w) (2)
where Γ¯ = γ0Γ
+γ0. The factor Cji(µ) arises from the perturbative QCD correction to the
heavy quark transition summed in the leading logarithmic approximation. One obtains [5]
1 =
(w + 1)
2
|ξ(w)|2 + ... (3)
2
where ξ(w) is the Isgur-Wise function for B → (D,D∗) transitions and the ellipsis denotes
the contributions from excited states. For brevity we have not shown the complete form of
the sum rule given in [5]. In Eq. (3) a factor of |Cji(µ)|2 from both sides of Eq. (2) has been
cancelled so that the form factors such as ξ(w) can be evaluated at µ = µc. The sum rule in
Eq. (3) also supplies an upper limit to ξ(w) since the contributions from the excited states
in Eq. (3) is always positive.
In this note we will follow a method parallel to [5] to derive a Bjorken sum rule for Ωb
semileptonic decays to ground and low-lying negative-parity excited charmed baryon states.
We will also discuss the upper limit on form factors coming from this sum rule and compare
it with existing models.
To begin with, we recall the Lorentz structure of the amplitude for Ωb semileptonic decays
to ground states, Ωc and Ω
∗
c , in the heavy quark limit, using the tensor method [3,6]. Since
the spin of light component in these baryons is also conserved in the heavy quark limit, one
needs to build a tensor which carries the indices of both the heavy quark spin and the spin
of the light components. Thus [3]
〈Ωc or Ω∗c |b¯ Γ c|Ωb〉=B¯µc (v′) ΓBνb (v)(−ξ1 gµν + ξ2 vµv′ν)
(4)
with
Bµc (v
′) =
(γµ + v′µ)γ5√
3
uΩc(v
′) (for Ωc)
Bνb (v) =
(γν + vν)γ5√
3
uΩb(v) (for Ωb)
Bµc (v
′) = uµΩ∗c(v
′) (for Ω∗c) (5)
where u is a spinor and uµ is a Rarita-Schwinger spinor vector for a spin-3/2 particle. The
indices indicate the corresponding baryons. The form factors ξ1 and ξ2 are functions of w.
ξ1 is normalized at w = 1 [2,3]:
ξ1(1) = 1 (6)
3
Note the relations between ξ1,2 and the form factors η and τ used in [2] are: ξ1 = η− (w−1)2 ι,
ξ2 = −12 ι.
To study decays to excited charmed states, we first consider the qualitative characteris-
tics of the low-lying negative parity excited states. Since the heavy quark symmetry cannot
tell us anything about the spectroscopy of the light degrees of freedom, we will use con-
stituent quark model as a guide to classify the excited states. We consider charmed baryon
states formed by (css). We use sss, lr and lss to denote the spin, the relative angular mo-
mentum and the center-of-mass angular momentum of the two s-quarks, respectively. Then
the ground states have (sss, lr, lss) = (1, 0, 0). If we write sl = sss + lr + lss, the light quarks
in ground states have total angular momentum and parity spill = 1
+. The corresponding
ground state baryons are Ωc and Ω
∗
c . As for the lowest negative-parity excited states, it
could either have the angular momentum excitation in lss and thus (sss, lr, lss) = (1, 0, 1)
and spill = 2
−, 1−, 0−, or have the angular excitation in lr and thus (sss, lr, lss) = (0, 1, 0) and
spill = 1
−. On the baryon level, we denote these excited states with Ω˜c(S
pi, spill ) where S
pi is
the total spin and parity of the baryon. Thus corresponding to (sss, lr, lss) = (1, 0, 1), there
are Ω˜c(5/2
−, 2−), Ω˜c(3/2
−, 2−), Ω˜c(3/2
−, 1−), Ω˜c(1/2
−, 1−) and Ω˜c(1/2
−, 0−). Corresponding
to (sss, lr, lss) = (0, 1, 0), there are Ω˜c(3/2
−, 1−) and Ω˜c(1/2
−, 1−). We will, however, not
consider the negative-parity excited states corresponding to (sss, lr, lss) = (0, 1, 0) in the
discussion to follow. The reason is as follows: In a spectator quark model the light quarks
are spectators in transitions of Ωb to these excited charmed states. Since the light quarks in
Ωb and in these excited states have different intrinsic spins, the corresponding form factors
vanish. Thus it is quite safe to expect the contributions from these excited states would
be very small. Also it is expected in a non-relativistic quark model [7] that the masses
of the excited states corresponding to (sss, lr, lss) = (0, 1, 0) are higher than those corre-
sponding to (sss, lr, lss) = (1, 0, 1). Therefore we will confine our discussion only to excited
states corresponding to (sss, lr, lss) = (1, 0, 1), i.e. Ω˜c(5/2
−, 2−), Ω˜c(3/2
−, 2−), Ω˜c(3/2
−, 1−),
Ω˜c(1/2
−, 1−) and Ω˜c(1/2
−, 0−).
4
The form factor structures in semileptonic Ωb decays to Ω˜c(5/2
−, 2−), Ω˜c(3/2
−, 2−),
Ω˜c(3/2
−, 1−), Ω˜c(1/2
−, 1−) and Ω˜c(1/2
−, 0−) are quite simple in the heavy quark limit. It is
rather easy to count the number of form factors in these decays using the helicity analysis
[8]. One finds that for Ωb decays to Ω˜c(5/2
−, 2−) and Ω˜c(3/2
−, 2−), there are two form fac-
tors. For decays to Ω˜c(3/2
−, 1−) and Ω˜c(1/2
−, 1−), there is one form factor. For the decay
to Ω˜c(1/2
−, 0−), there is also one form factor. Using the method given in [3,6], one can write
down form factor structures in these decays. For Ωb → Ω˜c(1/2−, 0−)
〈Ω˜c(1/2−, 0−)|b¯ Γ c|Ωb〉 = u¯c(v′) ΓBνb (v) ξ3 (v − v′)ν (7)
where uc indicates the spinor of Ω˜c(1/2
−, 0−) and Bνb (v) is the same as defined in Eq. (5).
For Ωb → Ω˜c(3/2−, 1−) or Ω˜c(1/2−, 1−),
〈Ω˜c(3/2−, 1−) orΩ˜c(1/2−, 1−)|b¯ Γ c|Ωb〉 =
B¯µc (v
′) Γ Bνb (v) ξ4 ǫµναβv
αv′β (8)
where Bµc (v
′) is defined for Ω˜c(3/2
−, 1−) or Ω˜c(1/2
−, 1−) similarly as in Eq.(5). For Ωb →
Ω˜c(5/2
−, 2−) or Ω˜c(3/2
−, 2−),
〈Ω˜c(5/2−, 2−) or Ω˜c(3/2−, 2−)|b¯ Γ c|Ωb〉 =
B¯µλc (v
′)ΓBνb (v) v
λ(ξ5 gµν + ξ6 (v − v′)µ(v − v′)ν) (9)
For Ω˜c(5/2
−, 2−), Bµλc (v
′) is just the spin-5/2 Rarita-Schwinger spinor-vector uµλc . For
Ω˜c(3/2
−, 2−) Bµλc (v
′) is defined as
Bµλc (v
′)=
(γµ + v′µ)γ5u
λ
c (v
′)√
10
+
(γλ + v′λ)γ5u
µ
c (v
′)√
10
(10)
where uµc is the spin-3/2 Rarita-Schwinger spinor-vector.
In the above discussion we have confined ourselves to excited states with only angular
excitations. One can easily include excited states with radial excitations. These states
can be generally denoted by Ω˜(n)c (S
pi, spill ). Thus we consider generally Ω˜
(n)
c (5/2
−, 2−),
Ω˜(n)c (3/2
−, 2−), Ω˜(n)c (3/2
−, 1−), Ω˜(n)c (1/2
−, 1−) and Ω˜(n)c (1/2
−, 0−). The form factor struc-
tures involving these states are the same as those given in Eq. (7) to Eq. (10) except that
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one now needs to add a index n to the form factors to indicate the radial excitation, i.e.
ξi → ξ(n)i (i = 3, 4, 5, 6). Similarly, the form factor structures involving excited states with
no angular excitation but radial excitation are the same as those in Eq. (4) except one has
to make the substitution ξi → (w − 1)ξ(n)i (i = 1, 2).
Having established the Lorentz structures, it is then straightforward to derive the Bjorken
sum rule for Ωb semiletponic decays using a formula similar to Eq. (1). In so doing one needs
to use the projection operators. For spin 1/2 baryons,
∑
s
u(v, s)u¯(v, s) = (1+ 6v) (11)
For spin 3/2 baryons,
∑
s
uµ(v, s)u¯ν(v, s) = (1+ 6v)
{
−gµν + 2
3
vµvν +
1
3
γµγν +
1
3
(γµvν − γνvµ)
}
(12)
For spin 5/2 baryons [9],
∑
s
uα1α2(v, s)u¯α3α4(v, s) = (1+ 6v)
{
2
5
vα1vα2vα3vα4
+
1
5
[ vα3vα4(vα1γα2 + vα2γα1)− vα1vα2(vα4γα3 + vα3γα4) ]
+
1
5
[ vα3vα4gα1α2 + vα1vα2gα3α4 ]− 2
5
[ vα3vα1gα2α4 + vα4vα1gα2α3 + vα3vα2gα1α4 + vα4vα2gα1α3 ]
+
1
10
[ vα1vα3γα2γα4 + vα1vα4γα2γα3 + vα2vα3γα1γα4 + vα2vα4γα1γα3 ]
− 1
10
[ gα1α3γα2vα4 + gα1α4γα2vα3 + gα2α3γα1vα4 + gα2α4γα1vα3 ]
+
1
10
[ gα1α3vα2γα4 + gα1α4vα2γα3 + gα2α3vα1γα4 + gα2α4vα1γα3 ]
− 1
10
[ gα1α3γα2γα4 + gα1α4γα2γα3 + gα2α3γα1γα4 + gα2α4γα1γα3 ]
−1
5
gα1α2gα3α4 +
1
2
[ gα1α3gα2α4 + gα1α4gα2α3 ]
}
(13)
We finally obtain the Bjorken sum rule
1 =
(2 + w2)
3
|ξ1|2 + (w
2 − 1)2
3
|ξ2|2 + (w − w
3)
3
(ξ1ξ
∗
2 + ξ2ξ
∗
1)
+(w − 1)∑
n
{
(w + 1)
3
|ξ(n)3 |2 +
10(w + 1)
9
|ξ(n)4 |2 + [
(w + 1)(2w2 + 3)
9
|ξ(n)5 |2
6
+
2(w + 1)(w2 − 1)2
9
|ξ(n)6 |2 −
2w(w + 1)(w2 − 1)
9
(ξ
(n)
5 ξ
(n)∗
6 + ξ
(n)
6 ξ
(n)∗
5 ) ]
+(w − 1)[ (2 + w
2)
3
|ξ(n)1 |2 +
(w2 − 1)2
3
|ξ(n)2 |2 +
(w − w3)
3
(ξ
(n)
1 ξ
(n)∗
2 + ξ
(n)
2 ξ
(n)∗
1 ) ]
}
+... (14)
where the ellipsis denotes the contributions which have not been included here. These
contributions are always positive. Obviously, this sum rule is consistent with Eq. (6). We
expect Eq. (14) to be valid near w = 1. Note that time reversal invariance will require, for
example, ξ1 and ξ2 to be relatively real.
The Bjorken sum rule from Eq. (14) gives an upper limit to the form factors. For example,
1≥2 + w
2
3
|ξ1|2 +(w
2 − 1)2
3
|ξ2|2 +(w − w
3)
3
(ξ1ξ
∗
2 + ξ2ξ
∗
1)
(15)
The sum rule in Eq. (14) also provides a restriction on the slope of the form factor. Ex-
panding ξ1 and ξ2 near w = 1
ξi = ξi(1)− (w − 1)θi + ... (i = 1, 2) (16)
one can derive from Eq. (14)
θ1 =
1
3
− 2
3
ξ2(1)
+
∑
n
(
1
3
|ξ(n)3 (1)|2 +
10
9
|ξ(n)4 (1)|2 +
5
9
|ξ(n)5 (1)|2 )
+... (17)
Since the contributions from all excited states are positive,
θ1 ≥ 1
3
− 2
3
ξ2(1) (18)
It is obvious that all the above results are also valid for the corresponding Σb semileptonic
decays.
The restriction on the form factors involving the ground states, Eq. (15), is generally
not very strong restriction. However, one can compare it with the form factors calculated
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or assumed in some models [10–12] on Ωb → (Ωc,Ω∗c) semileptonic decays. In [10] and
[11], the form factors are parametrized by f and g which are related to ξ1 and ξ2 through:
ξ1 =
w + 1
2 f + g, ξ2 =
f
2 . g = 0 is set in these models. Thus Eq. (15) implies that
1 ≥ (1 + w)
2
4 f
2, i.e. f should be smaller than given by a monopole q2-dependence. Note a
monopole q2-dependence normalized to unity at w = 1 has just the form 21 + w in the heavy
quark limit. The form factor f used in [10] and [11] are consistent with this restriction.
In [12], the form factors in Σb → Σceν¯e are calculated in the so-called quark confinement
model. In the heavy quark limit the restriction in eq. (15) is also valid for these form factors.
ξ1 and ξ2 in this model are given by [10]
ξ1 = wΨ ξ2 = Ψ (19)
Ψ =
ln(ω +
√
ω2 − 1)√
ω2 − 1 (20)
Substituting Eq. (20) into (15), one gets
3
1 + 2ω2
≥ Ψ2 (21)
It is easy to show that Ψ of Eq. (20) given in [12] disobeys the upper limit for Ψ.
In summary, we have derived the Bjorken sum rule for Ωb (or Σb) semileptonic decays to
ground and low-lying negative-partiy excited charmed states, in the heavy quark limit. The
sum rule gives restriction on the form factors. We have compared this restriction with some
models for Ωb semileptonic decays and found that not all models obey this restriction.
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